A Parade of Integrals

#39 of Gottschalk’s Gestalts

A Series Illustrating Innovative Forms
of the Organization & Exposition

of Mathematics

by Walter Gottschalk

Infinite Vistas Press
PVD RI
2001

GG39-1 (18)



© 2001 Walter Gottschalk

500 Angell St #414

Providence RI 02906

permission is granted without charge

to reproduce & distribute this item at cost

for educational purposes; attribution requested;
no warranty of infallibility is posited

GG39-2



[1 the notation of integration:
what various kinds of integrals look like;

a sampling

A indefinite integral

. J f(x)dx

A definite integral

b
. f(x)dx
Ja

. f
J1

A 1mproper integrals with infinite range

. N f(x)dx
Ja

b

. f(x)dx

o — OO

e OO

. f(x)dx

o — OO
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A 1terated integrals

. J; [ JX=B(y)

f(x,y) dx} dy
x=0y(y)
b| (y=0(z)| (x=B(y,z)
. ja { jy:y(z) { Jx=a(y,z) f(x,y,2) dx} dy} dz

A multiple integrals

. J f(x,y)dxdy
D

. _” f(x,y,z)dxdydz
D

GG39-4



A line integrals

. Jc £(x)dx

| feydx+gtay)ay

. fc f(x,y,z)dx + g(x,y z)dy + h(x,y,7) dz
. Jc £(x)ds

. jc f(x,y)ds

. jc f(x,y,z)ds

. JC f(r)ds
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A line integrals around a closed curve

. 3€c £(x) dx

+ J. T y)dx+gx,y)dy

. 9€c f(x,y,2)dx + g(x,y,z)dy + h(x,y,7) dz
. 3€c f(x)ds

. 9€c f(x,y)ds

. 9€c f(x,y,z)ds

. 35(: f(r)ds
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A surface integrals

. j f(x,y,z)dydz + g(x,y,z)dzdx + h(x,y,z)dx dy
S

_ js f(x,y,z)dy dz + g(x,y,z)dzdx + h(x,y,z)dx dy

. [[ foy.mds = [ fxy.2ds
$

A surface integrals over a closed surface

. EH; f(x,y,z)dydz+ g(x,y,z)dzdx + h(x,y,z)dx dy
S

= 3€S f(x,y,z)dydz + g(x,y,z)dzdx + h(x,y,z)dx dy

. ﬁ f(x,y,2)dS = Eﬁ f(x,y,2)dS
; S
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A area integrals

e [ f(x,y)dxdy = jA f(x,y)dx dy

A
= [[ tx.y)da = jA £(x,y)dA

A

A volume integrals

. jjj f(X,y,z)dxdydz = JV f(x,y,z)dxdydz
v

— J;[ f(x,y,z)dV = JV f(x,y,z)dV
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A vector integrals

. JD f(x)dx
. jD f(r)dr
. jD f(r)-dr

. JD f(r)xdr

A Stieltjes integral

b
. j £(x) dou(x)
a
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A integrals of exterior differential forms / polynomials

. JD f(x)dx
. jD f(x,y)dx Andy

. JD f(x,y,z)dx Ady Adz

A complex indefinite integral

. J f(z)dz

A complex line integral

. jc f(z)dz

A integral over a measure space

. Js £(x) dm(x)
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A Stokes' formula / law / theorem

. J do = J. 0
Q 0Q
for an exterior differential form ®

on a differentiable manifold €2

A integrals according to kind of integration
e Riemann integral

e Lebesgue integral

e Riemann - Stieltjes integral

e Lebesgue - Stieltjes integral

e Cauchy principal - value integral

e upper / lower Darboux integral

e Banach integral

e gauge integral

etc
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A syntactic origins of integral & differential notations

e the integral sign

J

is a stylized elongated letter ess Ss
from the initial letter

of the Latin noun 'summa' meaning ' sum'

* the differential sign

d

is the lowercase letter dee
from the initial letter

of the Latin noun ' differentia’ meaning ' difference’'

e both notations are due to Leibniz
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[1 some just - for - fun definite integrals

involving the exponential function

°
(@)
8
Pe
N
>
[l
‘Fl
N

°J e *dx =1
0

2
0.[ e X dx =&
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> 1
dx =log?2
J-O eX +1 e

(exponential integral)

(probability integral)



[1 some just - for - fun definite integrals

involving the logarithm function

I
. J‘ OngX__ﬂ:_
0o Xx+1 12

. Jl log(x+D) , _ T
0 X 12

o0 1 1
) j e * log x dx =J loglog—dx =—v
0 0 X

why = Euler's constant = 0.57721 56649 +

(dampened log integral on left,
log log integral on right)
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T

T
. Jz logsinx dx = Jz logcosxdx = —ElogZ
0 0 2

T

T
. Jz logtanx dx = JZ logcotxdx =0
0 0

T T
. J'z logsecx dx = Jz logcesex dx = Elog2
0 0 2

(called log sine, log cosine, etc, integrals)
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[1 some integrals involving sine & cosine

-J sinx 2> dx = J’ cosx’dx = \/g

. j e " sinx dx = l
0 2

(dampened sine integral)

o0
—X
°J e T cosxdx = o
0

(dampened cosine integral?)
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L] some functions defined by integrals

e Gamma function integral
I'n+1) = j x"e *dx
0

wh nereal nr > —1

» Beta function integral

1
B(m+1, n+1) = J x™(1-x)"dx
0

wh m,n € real nr > —1
 Fresnel sine integral

B smt ot
S(x) = WJ = \EJO sint“dt

e Fresnel cosine integral

3 cost (" 2
Cx) = WJ = \/;jo cost-dt
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» exponential integral function

X t
Ei(x) = J. © at

oo t

e logarithmic integral function

X
o= [

* sine integral function

Si(x) = j S g
o t

* cosine integral function
* cost

Ci(x) = — L oot

GG39-18



