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A sums & differences of powers of sinA & cosA

: tan A — cot A seCA +csc A
* SINA+COSA = =
seCA —csc A tan A + cot A

tan A —cot A seCcA —csc A
seCA +csc A tan A + cot A

e sSinA —Cos A

o sin2A+cos2A = 1

e sinA —cos® A = —cos2A

in2A
e sin® A+cos’ A = (sinAicosA)(1$Sm )

J sin4A—cos4A = sinzA—coszA = —COS2A
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A some higher - power - function formulas for sin & cos

e sSinA = sinA

¢ sin” A = %(—COS2A+1)
3 1, .
e sin” A = Z(—sm3A+3smA)
e sin* A = é(cos4A—4cos2A+3)

e sin° A = %(sinSA—Ssin3A+IOsinA)

¢ sin® A = %(—COS6A+6COS4A—15cos2A+10)

e sin’ A = 6L4(—sin7A+7sin5A—lein3A+355inA)
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e CcOSA = cCosA

¢ cosZ A = %(cos2A+1)

¢ cos® A = i(cos3A+3cosA)

e cost A = é(cos4A+4cosZA+3)

¢ cos’ A = %(cosSA+5cos3A+IOcosA)

1
e cos® A = 5(0086A+6COS4A+150082A+10)

1
e cos’ A = 6—4(cos7A+7COSSA+21cos3A+3SCosA)
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A the general higher - power formulas
for sin & cos

(n € pos int)

n—1
sin”™ A = zin {2 (-1 k2 (2;) cos2(n—k)A + (2nn)]
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cos™ A= 2 cos2(n—Kk)A +
2N k n
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A a quartet of similarly defined trig functions
Viz

sec A +tan A

seCA —tan A

cSCA +cot A

cSCA —cot A

which consists of

two pairs of reciprocal trig functions;
the two pairs begin analogously

in their alternative expressions

but then diverge
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e seccA+tan A = I

secA —tan A
B 1+sin A 3 cos A
cosA  l-sinA
_ cscA+1  cotA
cot A cscA —1
1+sinA  cscA+1

T \l-sinA  \cscA—1

_ cotA+cosA  secA+tanA
\ cot A —cos A \'sec A —tan A
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A A A A

COS — +Ssin— CcSC— +sec —
_ 2 2 _ 2 2
A . A A A
COS — —sin — CSC— —Sec
2 2
A A
1+tan — cot— +1
_ 2 _ 2
1—tanA cotA—l
2
3+
= tan| —+ —
2 4
= exp gd'lA

= exponential of inverse gudermannian of A
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1
sec A +tan A

e seCA—tan A =

1—sin A cos A

cos A 1+sin A
3 cscA—1 3 cot A
cot A cSCA +1

_ m_ cscA—1
V14+sinA  \VescA+1

_ cotA—cosA  secA—tanA
\ cot A +cos A \'sec A +tan A
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A A A A

COS — —Sin— CSC— —Sec
_ 2 2 _ 2
A . A A A
COS — +sin — CcSC— +sec —
2 2
I—tan— cotA—l
_ 2 _ 2
1+tan — cotA+1
2 2
3+
= cot| —+—
2 4
= exp(—gd'1 A)

= exponential of minus inverse gudermannian of A
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1
e csSCA+cotA =

cSCA —cot A
3 1+cosA 3 sin A
sinA  1-—cosA
_ secA +1 3 tan A
tan A secA—1

1+cosA \/secA+1
\1 COS A secA —1

‘tan A +sin A \/cscA+cotA
\tanA—smA csc A —cot A
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1
e cSCA—CcotA =

cSCA + cot A
3 1—cosA 3 sin A
~ sinA 1+cosA
B secA—1 3 tan A
tan A seCA +1

1—cosA \/SCCA—I
\1+cosA secA +1

‘tan A —sin A \/cscA—cotA
\tanA+s1nA csc A +cot A

A
tan —

2
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A fcnA £ cfcnA

e SINA+COSA = ﬁSIH(A‘Fg) — \/icos(A_g)

e sSiInA —COSsA

ﬁsin(A—g) = —ﬁcos(A+g)

e tan A+cotA = secAcscA = 2csc2 A

e tan A —cot A —2cot2 A

e secA+cscA = 2(sinA+cosA)csc2A

e seCA —cCscA

2(sin A —cosA)csc2A
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A fcnA & cfenA & squares
esin’A+cos” A = 1

e sin“A —cos” A
= (SInA +cosA)(siInA —cosA)
= —CO0S2A

°(sinAicosA)2 = 1xsin2A

o tan’A + cot® A
= sec’ A+csc’A—2
= 8602 Acsc2 A-2

= 4csc?2A -2

e tan”A —cot” A

= (tan A +cotA)(tan A —cot A)

= sec’ A—csc’ A

= (secA+cscA)(secA—cscA)

= —4cot2Acsc2A GG24-15



e (tan A + cot A)?
= sec® A +csc’A
= 8602 Acsc’A

= 4csc?2A

e (tan A — cot A)2

= sec” A +csc’A -4
sec” A csc’A -4

= 4dcsc?2A -4

= 4cot” 2A

e (sec A xcsc A)2 = 4csc2A(csc2A 1)
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A fen(A+nm) (n € int)
e sin(A+nm) = (-1)"sinA
e cos(A+nm) = (—1)" cosA
e tan(A+nm) = tanA

cot A

cot(A+nm)

e sec(A+nm) = (—1)"secA

csc(A+nm) = (=1)" cscA
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A fcn(A+[2n+1]g) (n € int)

sin (A+[2n+1 g) (=1)" cos A

°
@)
o
»n

°
@)
S
7~ N\ 7~ X\ 7~ N\ 7~ N\ VN
2>
_|_
(\)
=
_|_
S

A+[2n+1]g) = (-1)"'sin A

= —COtA

°
H
jab)
=

)

) = —tan A

) = (-1)"lescA
J

= (-1)"secA



A fcn (A + E)
4

. ( n) cos A +sin A
sin|f A+—| = —
4 \/2

COSA —sin A

N2

COSA —sin A

COS A +sin A

)
)_ 2
)
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e tan (A + E)
4

1+tan A cotA +1

1—tan A cotA —1

COSA +sin A CSCA +sec A

cos A —sin A CSCA —sec A

1+sin2 A cos2 A
cos2 A 1—-sin2A

3 cSC2A +1 3 cot2A
~ Cot2A  csc2A -1

1
= sec2A+tan2 A =

sec2A—-tan2 A
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1+sin2A /CSCZA-I—I
\1—sm2A \csc2A—1

cot2A +cos2A \/sec 2A +tan2A
\ cot2A — cos2A sec2A —tan2A

= exp gd_1 2A

= exponential of inverse gudermannian of 2A
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* cot (A + E)
4

l1—tan A cotA—1

1+tan A cotA +1

COSA —sin A cSCA —sec A

COSA +sin A cSCA +sec A

1—-sin2 A cos2 A
cos2 A 1+sin2A

3 cSC2A —1 3 COot2A
~ Cot2A  csc2A+1
1
= sec2A—-tan2 A =
sec2A+tan2 A
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1-sin2A /CSCZA—I
\1+sm2A \CSC2A+1

'cot2A —cos2A \/sec 2A —tan2A
\ cot2A + cos2A sec2A +tan2A

= exp (— gd_1 2 A)

= exponential of minus inverse gudermannian of 2A
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A areal linear combination of sinA & cosA

expressed as a single function

e asinA +bcosA

= a” +b? sin (A +tan” ! E)

) b
= va’ +b° cos(A—cot 1—)
a

GG24-24



A some related single - angle identities

1+sin A N cos A
cos A 1+sin A

1—sin A N cos A
cos A 1—sin A

cSCA +1 N cot A
cot A csCA +1

cscA -1 N cot A
cot A cscA—1

2sec A

GG24-25



1+sin A cos A

cos A 1+sin A

cos A 1—sinA

1—sin A cos A

csCA +1 cot A

cot A cSCA +1

cot A cscA—1

csCA —1 cot A

2tan A
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. 1+cosA N sin A

sin A 1+ cosA
1—cosA N sin A
sin A 1—cos A

sec A +1 N tan A
tan A secA +1

secA—1 N tan A
tan A secA—1

2CcSC A
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1+cosA sin A

sin A 1+ cosA
3 sin A B 1—cosA

1—cosA sin A
3 sec A +1 B tan A

tan A secA +1

tan A secA —1

secA—1 tan A

2cot A
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A just for fun: a few 6 - packs

e sin® A + cos2 A +tan® A + cot2 A +sec® A +csc A

= 8cot’2A+7

o sin2 A — 0032 A+ tan2 A — cot2 A+ 8602 A — CSC2 A

= —cos2A(8csc? 2A +1)

e sSinA—cosA+tan A —cotA +secA—cscA
= tan Asec A —cotAcscA—2cot2A

e sinAcosAtan AcotAsecAcscA = 1

* SINA +CcosA-=+tan A +~cotA +secA +cscA

= sin3AsecA = sin® Atan A
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= tan’A +2tan A

sin A N tan A N sec A
COSA cCcotA cscA

sin A tan A sec A
° = tan4A

COSA cot A csc A
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A sin A times fcn A

1

. sinzA = 5
CSC A

* SINACOSA = %sinZA

sinAtan A = secA —cosA

sin AcotA = CosA

sinAsecA = tan A

sinAcscA =1
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A cos A times fcn A
. |
® COSASInA = Es1n2A

1

. cos2 A 5 A
seC

e cosAtanA = sinA

* COSACOotA = cscA—sinA

e cosAsecA =1

®* cOSAcsCA = cotA
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A tan A times fcn A

e tan Asin A = secA —CosA

e tan ACcosA = sinA

J tanzA = 5 A
cot

e tanAcotA = 1

1
CSCA —sin A

e tan Asec A =

e tan AcscA = secA
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A cot A times fcn A

cCotAsinA = CcosA

Cot ACOSA = cscA—sinA

cotAtan A = 1

. cot2 A 2 A
tan

cotAseCcA = cscA

1
sec A —cos A

Cot AcscCA =
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A sec A times fcn A

* seCAsinA = tan A

e secAcosA =1

1
CSCA —sin A

seCcAtan A =

seCcAcotA = cscA

1
0032 A

8602 A =

secAcscA = 2csc2A
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A csc A times fcn A

e cSCAsinA =1

e csCAcosA = cotA

cscAtan A = sec A

1
sec A —cos A

CSCACOtA =

cscAsecA = 2csc2A

1

csc? A = —
sin” A
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A a sequence of related single - angle identities

tan A +2cot2A = cotA

tan A +2tan2A +4cot4A = cotA

tan A +2tan2A +4tan4A + 8cot8A = cotA

tan A +2tan2A +4tan4A + 8tan8A +16cot16A = cotA

* ctcC

note: this sequence follows from

the repeated application of the first identity
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A exact square-root representation of trig fcn values

T. let
* N e integer

« A € angle whose measure is n degrees

then
tfsape

(1) all defined six basic trig fcns of A

are expressible ito

finitely many applications

of the operations of

addition, subtraction, multiplication, division
& extraction of square roots,

starting with the integers

& staying in the real field

(2) some one of the defined six basic trig fcns of A
is so expressible

(3) nis an integer multiple of 3
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€8

e sin3° = co0s87°
= %(—w? — /6 ++10 ++/30 +2+/5++/5 - 215+ 3%)

= 0.05233 59562 ---

e cos3° = sin87°

= %(\j — \6 — \E + m +2 m + 2\ m)

= (0.99862 95348 ---

esinl8® = cos72°
] .

= —(—1+V5)
4

= 0.30901 69944 - -

e cosl18° = sin72°

= ix/10+2\6

= 0.95105 65163---
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