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[ factoring & solving

quadratic polynomials & equations

A 1n the following discussion
criteria are given ito the coefficients a, b, ¢ for
(1) the factorability

of the quadratic polynomial

ax’+bx+c (az0)
(2) the solvability

of the quadratic equation

ax’+bx+c=0 (az0)
over

e the integer ring &

e the rational field @

e the real field R

e the complex field ©

A also there is given the explicit factorization / solution
of the quadratic polynomial / equation ito the coefficients

when it is factorable /solvable over a particular system
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A theorems on factoring
quadratic = second degree
polynomials in one variable
into two

linear = first degree

polynomial factors

Q. ;, when 1s a quadratic polynomial factorable ?

it all depends on what you want the coefficients to be

GG35-4



D. discriminant

let
* R ering
e a.b,ceR wh a#0

e X e varR

then

¢ the discriminant

of the polynomial a x> +bx +c

and

of the equation ax’+bx+c=0
over R

=4, D(a,b,c) =D wh D <« discriminant

=df b2 —4ac
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T. factorability over

let
e a,b,cez wh a#0

® X € vara

then

e ax’+bx+cefct/2
~
D e sqrin &
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T. factorability over @

let
e a,b,ce@ wh a#0

e x € var@

then

e ax’+bx+cefct/@
=
D esqrin @
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T. factorability over R

let
e a,b,ceR wh a#0

e X € varR

then

e ax’+bx+c e fct/R
=
D>0
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T. factorability over G

let
e a.b,celG wh a#0

e X € var(©

then

e ax’+bx+c € always fct / G

GG35-9



Q. ; when is a quadratic polynomial a perfect square ?

it all depends on what you want the coefficients to be

D. polynomial ring

let
* R ering

e X € indeterminate

then

e the polynomial ring in x over R
=dan R[X]

=4 R bracket x

=4¢ the ring of all polynomials in x

with coefficients from R
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T. perfect squares in Z[x]

let
e a,b,cez wh a#0

® X € vara

then

e ax’+bx+ce sqr in &[Xx]
=
D=0 & a,cesqriné
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T. perfect squares in @ [x]

let
e a,b,ce@ wh a#0

e x € var@

then

e ax’+bx+ce sqr in @ [x]
=
D=0& a,cesqrin@
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T. perfect squares in R[x]

let
e a,b,ceR wh a#0

e X € varR

then

e ax’+bx+c € sqr in R[x]
L
D=0&a>0&c=>0
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T. perfect squares in G[x]

let
e a.b,ceG wh a#0

e X € var(©

then

e ax’+bx+ce sqr in G[x]
L
D=0
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A the quadratic formula

over G, R, @, Z in turn
which gives

in a specified number system
all solutions

of the quadratic equation
explicitly ito the coefficients

if any solution exists
Q. ;, when 1s a quadratic equation solvable ?

it all depends on what number system

you want to solve it in

GG35-15



T. the quadratic formula over G

let
e a,b,cel wh a#0

e X € var(©

then

e ax’+bx+c=0 (Ixeb)

o ax2+bx+c =0
=

_h+.h2 _
‘= b_vb 4ac (Vx @)
2a
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T. the quadratic formula over R

let

e a.b,ceR wh a#0

* X € varR

then

e ax’+bx+c=0 (dx e R)
~

b’ —4ac>0

-ax2+bx+c =0

=
b’ —4ac>0
&
_h+.h2_
. bt b —4ac (VxeR)
2a
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T. the quadratic formula over @

let
e a,bcel

e x € var@

then

e ax’+bx+c=0 (dxe@)
L

b>—4ace sqrin @

e ax“+bx+c=0
=
b*—4ac e sqr in @
&

_h+ . h2_
o bt b —4ac (Vxe@)
2a
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T. the quadratic formula over &

let
e a,bcez wh a+#0

® X evara

then
e ax’+bx+c=0 (Ixe2)
=

b* —4ac e sqr in &
&

b=+.b’—4ac (mod2a)
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e ax’+bx+c=0

=

b’ —4ace sqr in &

&

(b= \/b2 —4ac (mod2a)
&

—b+./b%—4dac
X =
2a
or
= —\/b2 —4ac (mod2a)
&
—b—+/b% -4
X = J Y (vxe?)
2a
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A relations between
quadratic polynomials / equations

& their zeros / roots

T. relating the quadratic polynomial & its zeros

to the quadratic equation & its roots

let
ea b,celG wh a#0

—b+yb2—4ac

*TI =4f 74
—b-+b* —4ac

*S =g 74

e X € var©
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then

e rand s are the two zeros of the quadratic polynomial

ax?+bx+c

wiet

r and s are the two roots of the quadratic equation
ax’+bx+c=0

wiet

ax>+bx+c=0

=

X=TV X=8§

=

xe{r,s} (Vxeb)

e ax’+bx+c = a(x—1)(x—s) (Vxeb)
which prescribes an algorithm

for explicitly factoring any quadratic polynomial
over any one of the rings G, R, @, Z

into two linear factors if it is indeed so factorable

e r+s=—— & rs= GG35-22



R. uniqueness of factors

* the two linear factors

of a factorable quadratic polynomial

over one of the rings

C, R, @, &

are essentially unique

np

they are unique to within a constant factor

and their order as factors

A the preceding theorems
are special cases of

more inclusive / general theorems
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